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DIVIDE KNOTS OF MAXIMAL GENUS DEFECT
LIVIO LIECHTI
Abstract. We construct divide knots with arbitrary smooth four-genus but
topological four-genus equal to one. In particular, for strongly quasipositive
fibred knots, the ratio between the topological and the smooth four-genus can
be arbitrarily close to zero.
1. Introduction
The smooth four-genus of algebraic knots equals the usual Seifert genus by
Kronheimer and Mrowka’s resolution of the Thom conjecture [13]. This is far from
being true for the topological four-genus. For instance, if the two parameters p
and q tend to infinity, the ratio between the topological and the smooth four-
genus of the torus knot Tp,q is expected to approach
1
2
. At the moment, the best
upper bound for this limit is 14
27
, provided by Baader, Banfield and Lewark [3].
On the other hand, it is well-known that the limit cannot lie below 1
2
. This
follows from Gordon, Litherland and Murasugi’s signature formulas for torus
knots [10] and the fact that the signature invariant is a lower bound for twice the
topological four-genus by a result of Kauffman and Taylor [12]. By Shinohara’s
cabling relation [17], the lower bound 1
2
for the ratio between the topological and
the smooth four-genus extends to the class of all algebraic knots. For the more
general class of positive braid knots, this ratio is bounded from below by 1
8
due
to a result of Feller [8], and even for positive knots, it is bounded from below
by 1
12
due to a result of Baader, Dehornoy and the author [5].
In this article, we consider another natural generalisation of algebraic knots:
divide knots, introduced by A’Campo [1]. This class of knots lies within the class
of strongly quasipositive fibred knots, but not every divide knot is positive. Our
aim is to show that for divide knots, and hence also for strongly quasipositive
fibred knots, the ratio between the topological and the smooth four-genus can be
arbitrarily close to zero. More precisely, we prove the following result.
Theorem 1. For every positive integer g, there exists a divide knot with smooth
four-genus equal to g and with topological four-genus equal to one.
This result is optimal in the sense that the topological four-genus of every
nontrivial divide knot is at least one. This follows from the fact that the signature
of a nontrivial divide knot is bounded from below by two.
Our proof of Theorem 1 consists of the following steps. First of all, the smooth
four-genus of a divide knot equals the usual Seifert genus. This is the content of
Rudolph’s extension of the Thom conjecture to strongly quasipositive knots [16].
Another proof for divide knots is provided by A’Campo [2]. Hence, the only
point is to show that the topological four-genus equals one. We do this for the
following explicit examples of divide knots of growing Seifert genus: let Kn be
the divide knot obtained by the snail divide with n double point, see Figure 1 for
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the example n = 1, 2, 3, 4. We refer to Section 2 for the definition of divide knots.
The first two knots of the sequence are the trefoil knot 31 and the knot 10145. We
Figure 1. The snail divides with one, two, three and four double
points, from left to right.
analyse the Seifert form of the canonical genus-minimising Seifert surface of Kn,
and use an algebraic criterion due to Baader, Feller, Lewark and the author [6]
to bound the topological four-genus from above. Unsurprisingly, this criterion is
based on Freedman’s disc theorem [9].
We state the consequence we get for the minimal ratio between the smooth
and the topological four-genus separately as follows.
Corollary 2. The ratio between the topological and the smooth four-genus can
be arbitrarily close to zero in any of the following classes of knots: divide knots,
positive trefoil plumbings, strongly quasipositive fibred knots.
The only nontrivial extension with respect to Theorem 1 is the statement for
positive trefoil plumbings. However, this follows directly from the fact that the
examples Kn are positive trefoil plumbings due to a result of the author [14].
Unfortunately, this result features only in the first arxiv version of the article,
and is not contained in the published version.
Remark 3. While the knots Kn might as well be the only divide knots with
topological four-genus equal to one, there are probably infinitely many strongly
quasipositive fibred knots of this kind, for any large enough Seifert genus: realis-
ing Kn abstractly as a positive trefoil plumbing, it should be possible to plumb
the last trefoil in infinitely many ways but with the same Seifert form, similarly
to Misev’s construction of infinitely many strongly quasipositive fibred knos with
the same Seifert form [15].
If one drops the assumption of fibredness, a much stronger result is known:
Borodzik and Feller recently showed that every knot is topologically concordant
to a strongly quasipositive one [7]. However, such a result cannot be expected
to hold restricted to strongly quasipositive fibred knots, as it distinctly does not
do so in the setting of algebraic concordance. A partial result in this direction is
due to Yozgyur [18]: there exist knots that are not topologically concordant to
any L-space knot (which form a subclass of strongly quasipositive fibred knots).
Organisation. We provide basic definitions and properties of divide knots in
the Section 2, and we prove Theorem 1 in Section 3.
Acknowledgements. I thank Sebastian Baader for asking about the topological
four-genus of divide knots, and I thank Peter Feller for helpful comments and
references.
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2. The Seifert form of a divide knot
2.1. Divide knots. We briefly recall the definition of divide knots. For more
details, we refer to A’Campo’s original article [1] or Baader and Dehornoy [4].
Let D be the closed unit disc and let P be the image of a relative smooth arc
immersed generically in D. We identify the tangent bundle T (D) to D with the
product D ×R2 and consider its unit sphere
ST (D) = {(x, v) ∈ T (D) : ||x||2 + ||v||2 = 1} ∼= S3.
The divide knot K(P ) is defined to be the set of vectors based at and tangent
to P , intersected with ST (D).
Divide knots are fibred by a result of A’Campo [2]. In particular, they have
a canonical genus-minimising Seifert surface Σ. It is obtained as follows. Colour
the complement D \P into black and white regions in checkerboard fashion. The
surface Σ then consists of the following points. For an ordinary point p of P ,
add all the vectors of ST (D) that are based at p and do not point towards a
white region. For a double point p, add all the vectors of ST (D) that are based
at p. Ishikawa realised this surface as a plumbing of positive Hopf bands [11].
More precisely, the core curve of the Hopf bands in the plumbing construction
are the following: There is one basis curve for each double point p, consisting of
orienting its lift to ST (D). There is one basis curve for each inner region of D\P ,
consisting of a curve in ST (D) that projects to a curve running clockwise around
the boundary of the region. If the region is black, then we choose a lift that
always points into the region; if the region is white, we choose a lift that always
points outside of the region.
2.2. The Seifert form. For a Seifert surface Σ of a knot K, the associated
Seifert form S is defined as follows. For two simple closed curves α and β in Σ,
define S(α, β) to be the linking number of α with β, where β is slightly pushed
off Σ in the positive normal direction. Choosing a basis of H1(Σ;Z) that con-
sists entirely of simple closed curves, this definition extends to a bilinear form
on H1(Σ;Z), the Seifert form S.
Now, let K be a divide knot with canonical Seifert surface Σ. We describe
the Seifert form S by the values it takes on the basis of H1(Σ;Z) obtained by
Ishikawa’s plumbing construction [11]. In order to do so, we need to choose an
orientation of Σ. Our convention is that the projection to D of the positive
normal vector to Σ points into the adjacent black region.
Lemma 4. Let α be a curve corresponding to a black region B of the divide, let β
be a curve corresponding to a white region W of the divide, and let γ be a curve
corresponding to a double point v of the divide. Assume further that B and W
have k common edges, that v appears n and m times, respectively, when tracing
the boundary of B and W , respectively. Then we have
S(α,α) = S(β, β) = S(γ, γ) = 1,
S(β, α) = S(γ, α) = S(β, γ) = 0,
S(α, β) = k,
S(α, γ) = n,
S(γ, β) = m.
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Proof. First of all, we note that these values give the correct symmetrised Seifert
form, as described by Baader and Dehornoy [4]. In particular, if we can show
that
(1) S(α,α) = S(β, β) = S(γ, γ) = 1,
(2) S(β, α) = S(γ, α) = S(β, γ) = 0,
then we are done. The statement (1) follows directly from the fact that the
curves α, β and γ are the core curves of positive Hopf bands in Ishikawa’s plumb-
ing construction [11]. The statement (2) follows from the following observation,
given by Baader and Dehornoy [4]: If the projections of two loops in ST (D)
to D are disjoint, then the loops have linking number zero. The reason for this is
that every diameter in D lifts to a 2-sphere in ST (D); hence loops with disjoint
projections are separated by a 2-sphere and have zero linking. Now, if we push α
off Σ in the positive direction, that is, towards the black face, then its projection
becomes disjoint with the projections of β and γ. This explains the first two
zeros in the statement (2). For the last zero, we note that pushing γ off Σ in
the positive direction yields the same linking number as pushing β off Σ in the
negative direction. But if we push β in the negative direction, that is, towards
the white face, then again the projections of β and γ to D become disjoint. 
3. Proof of Theorem 1
Let Kn be the divide knot obtained by the snail divide with n double points,
as defined in Figure 1. Knowing Ishikawa’s basis for the first homology of the
canonical genus-minimising Seifert surface Σ, we directly see thatKn is of genus n.
The technical ingredient to the proof of Theorem 1 is the following.
Proposition 5. Let Σ be the canonical Seifert surface for the knot Kn. Then, the
first homology H1(Σ;Z) has a subgroup V of rank 2n−2 such that for a matrix A
of the Seifert form of Σ restricted to V , det(tA−A⊤) is a unit in Z[t±1].
Given Proposition 5, we finish the proof of Theorem 1 by applying the following
proposition of Baader, Feller Lewark and the author [6] to the subgroup V .
Proposition 6 (Proposition 3 in [6]). Let L be a link with a Seifert surface Σ and
associated Seifert form S. If V ⊂ H1(Σ;Z) is a subgroup so that for a matrix A
of S restricted to V , det(tA−A⊤) is a unit in Z[t±1], then the topological four-
genus of L is bounded from above by g(Σ)− rk(V )/2.
Applying Proposition 6 to the subgroup V implies that the topological four-
genus of Kn is bounded from above by n−
2n−2
2
= 1. By a result of Kauffman and
Taylor [12], the signature is a lower bound for twice the topological four-genus.
Therefore, the equality gtop4 (Kn) = 1 follows from the fact that the signature of
any divide knot is bounded from below by 2. The argument for this is straight-
forward and sketched by the author [14]. It remains to prove Proposition 5
Proof of Proposition 5. In order to obtain the canonical Seifert surface for the
snail divide knotKn, we must checkerboard colour the complement of the snail di-
vide. We do so in such a way that the innermost region is coloured black, as shown
in Figure 2 for the case n = 4. We now recall the basis of the canonical Seifert
surface of a divide knot obtained by Ishikawa’s plumbing construction. There
is one basis curve for every inner region of D \ P , and one basis curve for every
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Figure 2. The snail divide with four double points and our cho-
sen checkerboard colouring of the complement.
double point. In our case of the snail divide knot Kn, let α1, . . . , αn be the curves
corresponding to the inner regions, from inside out. Furthermore, let γ1, . . . , γn
be the curves corresponding to the double points, from inside out. Let V be the
subgroup of H1(Σ;Z) generated by a1, . . . , an−1, b1, . . . , bn−1, where ai = αi+1−γi
and bi = γi+1. First of all, we note that these elements together with α1 and γ1
form a basis of H1(Σ;Z), so indeed V is a subgroup of rank 2n − 2. We now
describe enough of a matrix A for the Seifert form S restricted to V to show
that det(tA−A⊤) is a unit in Z[t±1].
Using Lemma 4, we compute the following values of the Seifert form S:
(1) S(ai, aj) = 0 for all i, j,
(2) S(ai, bi) = 0 if i is odd and S(ai, bi) = 1 if i is even,
(3) S(bi, ai) = 1 if i is odd and S(bi, ai) = 0 if i is even,
(4) S(ai, bj) = 0 and S(bj , ai) = 0 for j > i.
γi−2
γi−1
γi γi+1
αi
αi+1
γi−2
γi−1
γi γi+1
αi
αi+1
Figure 3. Two adjacent regions of a snail divide, with checker-
board colouring depending on whether i is even (left) or odd
(right). The double points and the regions are labelled with the
curves that correspond to them in Ishikawa’s plumbing construc-
tion.
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Even though the calculation of these values is straightforward, we provide it in
full detail.
Calculation of (1): We first compute
S(ai, ai) = S(αi+1 − γi, αi+1 − γi)
= S(αi+1, αi+1)− S(αi+1, γi)− S(γi, αi+1) + S(γi, γi)
= 1− S(αi+1, γi)− S(γi, αi+1) + 1.
Now, depending on whether αi+1 corresponds to a black or a white region, re-
spectively, we have S(αi+1, γi) = 2 and S(γi, αi+1) = 0 or vice versa, respectively.
This follows from Lemma 4 and the fact that the vertex v corresponding to γi ap-
pears twice along the boundary of the region corresponding to αi+1, see Figure 3.
In any case, we obtain S(ai, ai) = 0. Next, we note that S(ai, aj) = S(aj , ai) = 0
for |i−j| ≥ 2. This follows directly from the definition of the ai and Lemma 4. In
order to finish the proof of (1), the only values we have to compute are S(ai, ai+1)
and S(ai+1, ai). We have
S(ai, ai+1) = S(αi+1 − γi, αi+2 − γi+1)
= S(αi+1, αi+2)− S(αi+1, γi+1)− S(γi, αi+2) + S(γi, γi+1)
= S(αi+1, αi+2)− S(αi+1, γi+1)− S(γi, αi+2).
If αi+1 corresponds to a black region, then by Lemma 4 this sum reads as fol-
lows: 2 − 1 − 1 = 0. On the other hand, if αi+1 corresponds to a white region,
then the sum reads 0− 0− 0 = 0. Similarly, we have
S(ai+1, ai) = S(αi+2 − γi+1, αi+1 − γi)
= S(αi+2, αi+1)− S(αi+2, γi)− S(γi+1, αi+1) + S(γi+1, γi)
= S(αi+2, αi+1)− S(αi+2, γi)− S(γi+1, αi+1).
If αi+2 corresponds to a black region, then by Lemma 4 this sum reads as fol-
lows: 2 − 1 − 1 = 0. On the other hand, if αi+2 corresponds to a white region,
then the sum reads 0− 0− 0 = 0. This finishes the proof of (1).
Calculation of (2): We have
S(ai, bi) = S(αi+1 − γi, γi+1)
= S(αi+1, γi+1)− S(γi, γi+1) = S(αi+1, γi+1).
By Lemma 4, this equals 0 or 1, respectively, if αi+1 corresponds to a white or
a black region, respectively, that is, when i is odd or even, respectively. This
proves (2).
Calculation of (3): We have
S(bi, ai) = S(γi+1, αi+1 − γi)
= S(γi+1, αi+1).
By Lemma 4, this equals 1 or 0, respectively, if αi+1 corresponds to a white or
a black region, respectively, that is, when i is odd or even, respectively. This
proves (3).
Calculation of (4): We note that if j > i, then
S(ai, bj) = S(αi+1 − γi, γj+1)
= S(αi+1, γj+1) = 0,
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since no vertex corresponding to a curve γj+1 appears in the boundary of a region
corresponding to αi+1 if j > i, compare with Figure 3. We have
S(bj , ai) = S(γj+1, αi+1 − γi)
= S(γj+1, αi+1) = 0
for the same reason. This proves (4).
While the values computed above in (1)-(4) do not give a complete description
of the Seifert form S restricted to V , they suffice to deduce that the matrix A
for S restricted to V with respect to the basis a1, . . . , an−1, b1, . . . , bn−1 is of the
form
A =




0
∗ 1
∗ ∗ 0
∗ ∗ ∗
. . .
1 ∗ ∗ ∗
0 ∗ ∗
1 ∗ ∗
. . .
where the blocks are of size (n − 1) × (n − 1) and all non-indicated entries are
zeros. It follows that tA−A⊤ is of the form
tA−A⊤ =




−1
∗ t
∗ ∗ −1
∗ ∗ ∗
. . .
t ∗ ∗ ∗
−1 ∗ ∗
t ∗ ∗
. . .
and thus has determinant ±tn−1. This can be seen inductively by developing the
first row and column. In particular, det(tA−A⊤) is a unit in Z[t±1]. This finishes
the proof. 
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